Solid boundary as energy source and sink of the turbulent kinetic energy of the grains, and its influence on the mean and turbulent features of a dry granular dense flow, are investigated by using the proposed zero-and first-order turbulent closure models. The first and second laws of thermodynamics are used to derive the equilibrium closure relations, with the dynamic responses postulated by a quasi-static theory for weak turbulent intensity. Two closure models are applied to analyses of a gravity-driven flow down an inclined moving plane. While the calculated mean porosity and velocity correspond to the experimental outcomes, the influence of the turbulent eddy evolution can be taken into account in the first-order model. Increasing velocity slip on the inclined plane tends to enhance the turbulent dissipation nearby, and the turbulent kinetic energy near the free surface. The turbulent dissipation demonstrates a similarity with that of Newtonian fluids in turbulent boundary layer flows. While two-fold roles of the solid boundary are apparent in the first-order model, its role as an energy sink is more obvious in the zero-order model.
Introduction
Dry granular dense flows are continuous motions of a large amount of discrete solid particles with interstitial space filled by a gas, moving with slow to moderate speed. The grain-grain interaction, in contrast to creeping or rapid flows, results from ong-term enduring frictional contact and sliding, and short-term instantaneous inelastic collision [1] - [4] . Two-fold grain-grain interactions induce fluctuations on the field quantities at the macroscopic level, a phenomenon similar to turbulent motion of Newtonian fluids with two distinctions: 1) it emerges from grain-grain interactions, in contrast to those resulted from incoming flow instability, instability in transition region, or flow geometry in Newtonian fluids; and 2) it emerges at slow speed, in contrast to those in Newtonian fluids which are strongly velocity-dependent, characterized by the critical Reynolds' number [5] [6] .
Solid boundary has been demonstrated to be an energy source and sink of the turbulent kinetic energy of the grains, and conventional no-slip condition of velocity is not valid [7] [8] . Whereas these influences were hardly accounted for in laminar flow formulations, e.g. [9] - [17] , they were not appropriately taken into account in the limiting turbulent flow formulations, e.g. [18] - [21] . Thus, the goal of the present study is to propose a thermodynamically consistent turbulent closure model to account for these effects, with their influence on the mean and turbulent flow features. Specifically, a zero-and a first-order closure models are proposed, with the focus on the intercomparison of the roles played by the solid boundary, and the influence of velocity slip.
In the following sections, the mean balance equations, state space and entropy inequality are presented for two models. The closure relations are summarized as results from thermodynamic considerations of the first and second laws. Two closure models are applied to analyses of stationary gravitational flows down an inclined moving plane. While solutions of two models demonstrate a qualitative agreement with experimental outcomes in the mean porosity and velocity profiles, the distributions of the turbulent dissipation are similar to those of Newtonian fluids in turbulent boundary layer flows, with their vanishing and finite values obtained on the free surface by the zero-and first-order models, respectively. Increasing velocity slip near the inclined plane tends to enhance the turbulent dissipation nearby, resulting in larger mean porosity and turbulent kinetic energy near the free surface. While boundary as energy source and sink is apparent in the first-order model, its latter role is more obvious in the zero-order model.
Mean Balance Equations and Equilibrium Closure Relations
To account for the distribution of solid volume and its microstructural effect, the (solid) volume fraction ν , defined as the total solid volume divided by the volume of a granular representative volume element (RVE), is introduced, with its time evolution described by the Wilmánski model for dense flows [12] [22] . A dense flow is considered a rheological fluid, which must satisfy the basic laws of motion for continuum mechanics. Since in turbulent motion the field quantities experience fluctuations, with solutions random and unpredictable, their statistically averaged values (e.g. Reynolds-averaging) should be defined and investigated. With these, the following mean balance equations must be satisfied [5] 
with the ergodic terms,
The variables and parameters in (1)-(6) are defined in Table 1 . Equations (1) 1.2 , (2) 1.2 and (3) 1 are respectively the conventional mean balances of mass, linear momentum, angular momentum, internal energy and entropy for a continuum, with the mean density ρ decomposed into ρ γ ν = , and the symmetry of the mean Cauchy stress is required. Equation (3) the time evolution of ν , Equation (4) 
are introduced as the primitive mean fields, with the superscripts 0 and 1 denoting the model specification, while the closure relations
are constructed based on the state spaces given by
, , , , , , ,
with independent effect, respectively. The forms of the closure relations are reduced by the second law of thermodynamics, which is formulated here as the Müller-Liu entropy principle. In its local form, it represents the restriction that the mean entropy production must be non-negative, i.e., 
with the mean balance equations appearing as constraints of the entropy inequality, and
λ the corresponding Lagrange multipliers.
Substituting (8) and (9) into (10) with the assumption of material isotropy and chain rule of differentiation, the corresponding restrictions on forms such as (8) T1  0  T0  1  T1  T0  T1  , , ,
with ( )
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at an thermodynamic equilibrium state denoted by the subscript E | , defined by ( ) 3 4 , , ,
, , , ,
in the zero-and first-order models, respectively, are given by 
. The variables p and β stand for the turbulent thermodynamic and configurational pressures, respectively, viz.,
for both models. Otherwise, for incompressible grains, p is an independent field and can no longer be determined by Equation (20) 
Closure Models
For isothermal flows with incompressible grains, we assume that
0,1 i =
; the superscript D indicates dynamic response, which should vanish at thermodynamic equilibrium. Within a quasi-static theory, the dynamic responses are assumed to depend explicitly and linearly on the independent dynamic variables, respectively of the forms,
and the three invariants ( )
, ,
The functional dependences of ( )
and ( ) R , the simplest form of the specific turbulent free energy is proposed following previous works by [12] [17] [26] ( ) (  )   T  2  T0  T1  T  1  2  3  0   1 , , ,
with the plastic contribution confined within T f ψ . Equation (29) is justified for weak turbulent flows, and asserts that smaller granular coldness results in smaller free energy [27] - [30] . A hypoplastic form for the mean production of mean internal friction is given by [31] [32]
to account for rate-independent characteristics, in which , ,
(27) 
, , , 
are used. Substituting (20) , (21), (30)- (34) into (1)- (5) yields the field equations for both models.
Inclined Gravity-Flow Problem

Field Equations and Boundary Conditions
Consider a fully-developed, isothermal, two-dimensional stationary turbulent shear flow down an inclined moving plane, as shown in Figure 1 . With this, 
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with s ν the minimum mean volume fraction. With these, the mean field equations reduce to ( ) Due to velocity slip, the grains on the solid plane may not assume the plane velocity. Velocity slip provides extra energy flux toward to, or away from the granular body, which is proportional to the square of the slip velocity and with the same direction of the momentum flux on the boundary [7] [8] . On the contrary, due to the experimental setup [37] , ν approaches a fixed value on the solid plane. Since experiment is carried out by discharging a constant mass flux on the plane, the flow thickness is fixed, and the shear force on the free surface is negligible due to the significant density difference between the granular body and air. Thus, the boundary conditions are given by 
Nondimensionalization and Numerical Method
With the dimensionless parameters defined in Table 2 , Equations (40)- (44) are recast respectively by ( )
with the dimensionless boundary conditions,
where
The two-point nonlinear BVPs (46)- (50) 
Numerical Results
As a parametric study, numerical simulations are carried out for variations in σ , ς and ς ′ , with 
Conclusions and Discussions
Boundary as energy source and sink, and the influence of velocity slip near solid boundary on the mean and turbulent features of a dry granular dense flow, were investigated by the proposed zero-and first-order closure models, in which the granular coldness was introduced to index both variations in the turbulent kinetic energy and dissipation in the former model, while they were indexed separately by two independent fields in the latter model. Both models were applied to analyses of isothermal, stationary turbulent shear flows with incompressible grains down an inclined moving plane. Velocity slip near solid boundary tends to enhance turbulent dissipation in both models. The turbulent dissipation profile is similar to that of Newtonian fluids in turbulent boundary layer flows. The first-order model is however more justified, for it asserts that intensive turbulent kinetic energy induces intensive turbulent dissipation, with non-vanishing turbulent dissipation obtained on the free surface, in contrast to vanishing turbulent dissipation identified by the zero-order model. In both models, the mean shearing of the solid plane is less efficiently transferred toward the granular body, and the turbulent dissipation is confined within a thin layer above the solid plane. Outside this thin layer, the grains are dominated by gravity, and collide with one another in a free manner, resulting in significant short-term grain interaction, as reflected by larger mean porosity, velocity and turbulent kinetic energy near the free surface. Two-fold roles played by the solid boundary are more apparent in the first-order model, while boundary as energy source is less apparent in the zero-order model. Comparison with experiments shows qualitative agreement in the ν -and u  -pofiles, and also suggests that velocity slip needs be taken into account for more accurate numerical prediction. Although the velocity profiles from the zero-order model approach better to experimental outcomes, the first-order model is better to account for the influence of turbulent eddy evolution by using ak ε energy cascade.
